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ABSTRACT/ INTRODUCTION 
Graphics Processors (GPUs) provide access to significant 
computational processing resources. They contain a large number 
of processing units with access to local and shared memory, and 
achieve significant speedups vis-à-vis CPUs on problems that can 
be mapped to their SPMD architecture. Many applications in 
molecular dynamics, astrophysics and other areas require the 
O(N2) computation of mutual Coulombic potentials and forces 
among N particles. The FMM provides a hierarchical 
approximate algorithm, to compute these quantities to a specified 
error ε  at O(NlogN) cost and memory. More generally FMM like 
algorithms are used to accelerate matrix vector products in 
applications such as the solution of integral equations, radial 
basis function interpolation/evaluation and machine learning. On 
an NVIDIA 8800 GTX installed on a PC, our FMM algorithm 
achieves timings that if computed using an O(N2) algorithm 
correspond to speeds of 25-45 Tflops (for achieved L2 errors of ~ 
10-6 - 2×10-4). 
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1. FAST MULTIPOLE METHODS 
The fast multipole method provides an approximate computation 
of the following sum (or matrix vector product)  
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where {xi} are sources, {yj} receivers, qi strengths, and d the 
dimensionality of the problem. The kernel function Φ(yj, xi), for 
the case of monopoles and dipoles of the Laplace equation are 
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The FMM was introduced by Rokhlin & Greengard in 1987 
[1]. It can be summarized as follows. Assume that the 
computational domain including all sources and receivers is 
included in a large cube (which by way the scaling can be made 
to provide the unit cube). This cube then is subdivided by an 
octree by dividing this box into 8 sub-cubes, and going down to 
level lmax, so that at each level we have 8l boxes (l = 0, ..., lmax). 
Each box containing sources can be referred as a source box and 
each box containing receivers can be referred as a receiver box. 
Obviously, depending on the distribution the boxes can contain 
different number of points, and some boxes may even be empty. 
The empty boxes at all levels are skipped, which provides basic 
adaptivity of the FMM for non-uniform distributions. The source 
boxes constitute the source hierarchy (parent-child relationships) 

and the receiver boxes form the receiver-hierarchy. The 
structuring of the initial source and receiver boxes can be done 
using spatial ordering (bit-interleaving technique, e.g. see [2]). 
This technique also allows one to determine neighbors for each 
box, which is important for the FMM. Also some computations 
necessary for the FMM run part can be done before the run of the 
FMM (for example, computation of elements of the translation 
matrices). This is the precomputation part of the FMM.  

The run part of the FMM computes { } for an 
arbitrary input vector q. This part can be repeated for the same 
source and receiver locations many times (e.g. for iterative 
solution of linear system (1), when the solution {qi} must be 
found. It consists of three steps: Upward pass, Downward pass, 

and Final summation.  

It effectively decomposes the sum in to a near part, that 
directly computes for a receiver the sum due to sources contained 
its box at the finest level, and due to those in neighboring boxes, 
while the sum due to all the other points are estimated via a 
sequence of expansions and translations that result in a 
consolidated local function expansion at the center of each box, 
that may be evaluated at each receiver to obtain the sum to a 
given accuracy ε, which is controlled by the number of terms 
retained in the expansions. Several variants of the algorithm 
differing in the type of translation used, the data structures 
considered, and others are available; and discussed and 
compared in [3].  

When both force and potential calculations are involved, in 
3D, we have to evaluate 4 sums of the type (1). When using the 
FMM, a substantial savings can be achieved, since only 4 local 
sums need to be evaluated, and the force evaluation 
corresponding to the far field can be obtained by differentiating 
the consolidated local function expansion, which corresponds to 
applying a sparse matrix to a p2 vector of coefficients [5]. 

2. FMM on the GPU 
The graphical processor we used was the NVIDIA 8800 GTX, 
with the CUDA programming environment [4]. Since the bulk of 
our software is developed with Fortran 95, we also developed a 

Fig. 1: Outline of the FMM algorithm for evaluating the sum (1). 
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middleware environment [5] that allowed processing of data 
resident on the GPU via function calls, and restricted the number 
of device functions in CU [4]. We had to consider peculiarities of 
the GPU architecture; namely a hierarchical memory layout, with 
significant penalties for accessing data from main memory, single 
precision computations, the need for high intensity computations, 
and the need to parallelize individual stages of the FMM [4]. For 
reasons of space, a longer discussion of the steps taken will be 
presented elsewhere, though the novel contributions include:  
i) a new set of basis functions which avoided the need to 

use spherical harmonics;  
ii)  their use with rotation-coaxial translation operators;  
iii)  individual error bounds for each expansion/translation;  
iv) novel FMM stencils and exploitation of symmetries in 

the multipole-to-local translation stage, reducing 
translations needed by 2/3. 

In addition, similar to some other groups, we developed fast 
routines for performing direct kernel sums on the GPU, and used 
that to accelerate the local summation part. The speedups vis-à-
vis a standard serial CPU implementation (on a QX6700 Intel 
CPU) achieved on the GPU were (for N=106): 
i) speed up of local sums by 500× for potential 

calculation and by 750× for potential + forces 
ii)  Effective speed up of multipole-expansions by ~40× 
iii)  Multipole to multipole translations by up to 40 ×  
iv) M2L was speeded up by 30× 
v) Local evaluation speedup was in the range 20-50×.  

The FMM achieves optimal speedup when the wall clock times 
of the local summations and the far-field summations are 
approximately balanced, and to achieve this on the GPU (with a 
very efficient local summator) we had to reduce the number of 
levels, leading to larger local sums than on the CPU. In the above 
comparisons, we present results for the CPU version workings at 
its optimal settings, and likewise for the GPU. 

3. RESULTS 
Fig. 2 below summarizes the results from evaluation of the 
potential and force between N randomly placed sources and N 
different randomly placed evaluation points in the unit cube. 

First, the direct summation on the GPU achieves significant 
speedup (these results are similar to the potential calculations in 
[7]). Next, the error with the GPU FMM is observed to be 
comparable to that on the CPU, both for gradient and potential 
evaluation. Interestingly, we observed that the errors achieved 
using the approximate FMM (at even the medium accuracy 
setting) were better than those achieved by the direct sum – 
presumably because the FMM has fewer operations, and thus 
smaller roundoff. Gflops are reported using a formula presented 
in [6]. 

4. CONCLUSIONS 
In future work we are extending the algorithm to use multiple 
GPUs, and to different kernels such as the biharmonic. We 
believe availability of the FMM like algorithms on commodity 
graphics hardware will allow scientists to simulate much larger 
problems on their desktops, making them personal 
supercomputers. 
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Fig. 2: Results achieved on our FMM code on the CPU and GPU for N=4096,…, 1048576. Left: Wall-clock time for the FMM run portion for different 
accuracy settings on the CPU and GPU. A roughly linear scaling is observed. Also shown are the direct product results for the GPU and CPU (the lines with 
slope =2). Left Middle:  Error achieved on the CPU and GPU versions of the FMM for different truncation numbers. Right Middle:  Error achieved in force 
calculation on the CPU and GPU versions of the FMM for different truncation numbers. Right: Effective number of Gflops achieved (following [6]). While the 
peak performance of the direct potential/force evaluation is about 290 GFlops, the FMM achieves speeds of up to 50 Tflops. Sym bols used are consistent across 

10̂ 4 10̂ 5 10̂ 610-5

10-4

10-3

10-2

Number of Sources

L 2
 er

ror
 in

 Gr
ad

ien
t

105
10-1

100

101

102

103

104

Number of  Sources (N)

Eff
ect

ive
 Gf

lop
s

 

 

105

10-6

10-5

10-4

Number of Sources(N)

FM
M
 L 2

 Er
ro
r

 

 

p=4 GPU
p=8 GPU
p=12 GPU
p=4 CPU
p=8 CPU
p=12 CPU

105
10-3

10-2

10-1

100

101

102

103

Number of  Sources (N)

Ru
n T

im
e (
s)

 

 

CPU
GPU

GPU 

CPU 


